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We present a detailed calculation of the magnetic couplings between nearest–neighbor and next–
nearest–neighbor coppers in the edge–sharing geometry, ubiquitous in many cuprates. In this ge-
ometry, the interaction between nearest neighbor coppers is mediated via two oxygens, and the
Cu–O–Cu angle is close to 90◦. The derivation is based on a perturbation expansion of a general
Hubbard Hamiltonian, and produces numerical estimates for the various magnetic energies. In par-
ticular we find the dependence of the anisotropy energies on the angular deviation away from the 90◦
geometry of the Cu–O–Cu bonds. Our results are required for the correct analysis of the magnetic
structure of various chain, ladder and lamellar cuprates.
I. INTRODUCTION
The magnetic interactions in the copper oxides are be-
lieved to be governed by kinetic superexchange through
the intervening oxygens. In tetragonal symmetry, one
may view the CuO planes as consisting of clusters of
four oxygens, forming a square whose center is occu-
pied by a copper ion. These squares can be lined up
along their edges, and then the nearest neighbor (NN)
Cu–O–Cu bond makes an almost 90◦ angle. Another
ubiquitous configuration is formed when the squares are
connected along their corners, in which case the near-
est neighbor Cu–O–Cu bond is linear, having an angle of
180◦. Typical examples for edge–sharing compounds are
La6Ca8Cu24O41
1 (where the angle is 91◦) and CuGeO3
(where the angle is ≈ 98◦).2 Corner–sharing configura-
tions characterize the copper oxide planes in the parent
compounds of the high–Tc cuprates, and the chains in
Sr2CuO3
3 and SrCuO2.
4 Some compounds include both
types of bonds, for example Sr2Cu3O4Cl2.
5 The various
Cu–Cu bond geometries in this material are the same
as those for the nearest–neighbors and next–nearest–
neighbors (NNN) in the chains in Sr14Cu24O41
6 and the
interladder bonds in Srn−1Cun+1O2n.
7
The magnitude and the sign of the magnetic inter-
actions in the two types of bonds are expected to be
quite different. According to the so–called Goodenough–
Kanamori–Anderson (GKA) rules,8 the leading isotropic
superexchange of a 180◦ bond between two magnetic ions
with partially filled d shells is strongly antiferromagnetic,
while the leading order of a 90◦ superexchange is ferro-
magnetic, and much weaker. In the Cu–O case, the rea-
son for this is that for the corner–sharing geometry, the
2pσ orbital hybridizes with the two neighboring Cu ions,
yielding a significant contribution to the kinetic superex-
change (which is antiferromagnetic). In contrast, in the
edge–sharing configuration the 2pσ orbital on the oxy-
gen, which hybridizes with a 3d orbital on one copper,
is almost orthogonal to that 3d orbital on the nearest–
neighbor Cu ion, thus blocking the antiferromagnetic su-
perexchange via a single oxygen. The leading magnetic
coupling in this case is given by the next order perturba-
tion terms, and is therefore weaker and of the opposite
sign.
Higher–order perturbation terms also determine the
magnetic anisotropies, in both types of bonds. These
anisotropies are responsible for various observable quan-
tities, like the gaps in the spin wave spectrum, the spin
orientations in space, etc, and hence are of much inter-
est. The magnetic couplings of the linear Cu–O–Cu bond
were investigated in great detail (see Refs. 9 and 10 and
references therein), yielding the in–plane and the out–of–
plane gaps of the family of compounds with structures
similar to that of La2CuO4, as well as the antisymmetric
Dzyaloshinskii–Moriya interaction in the orthorhombic
phase. In particular, the role of the on–site Coulomb ex-
change and the spin–orbit interaction in producing the
various anisotropies was clarified in tetragonal and or-
thorhombic symmetries.
In the almost–90◦ bond (see Fig. 1) the leading order
magnetic exchange is small. Therefore, higher–order per-
turbation processes, as well as details of the structure like
the presence of side groups11,12 have a significant contri-
bution. For the same reason, next–nearest–neighbor Cu–
Cu couplings are expected to be much more important
than in the case of the linear Cu–Cu bond configuration.
Previous discussions of this geometry include an anal-
ysis of the dependence of the leading nearest–neighbor
isotropic coupling on the small angular deviation away
from 90◦, δ,11–15 which has been found to be domi-
nated by the on–site Coulomb exchange interaction on
the oxygens,13 and the non–local exchange between the
coppers and the oxygens.11,12 The magnetic anisotropies
have been calculated only for the nearest–neighbor,
strictly 90◦–bond, by Yushankhai and Hayn.16 We com-
pare below their results with ours.
The aim of this paper is to present a detailed calcula-
tion of both the isotropic and the anisotropic magnetic
interactions in the nearly–90◦ configuration shown in Fig.
1, for nearest–neighbor and next–nearest–neighbor cop-
per ions. Our calculation is based on the perturbation ex-
pansion of a Hubbard model around the half-filled ground
1
state, in which there is a single 3d hole on each copper
ion, and the oxygen 2p states are completely full. Since
the spin of the Cu hole is arbitrary, this ground state
is 2N–fold degenerate, where N is the number of cop-
per ions. The superexchange magnetic Hamiltonian is
obtained as the effective interaction within this degen-
erate manifold. The microscopic Hamiltonian we con-
sider includes hopping between all orbitals on the cop-
per d–states and on the oxygen p–states, and between
the p states on neighboring oxygens. The Hamiltonian
also contains the spin–orbit interactions on the copper.
Those on the oxygen are much weaker and are therefore
neglected. We also include all local Coulomb interac-
tions on the copper and on the oxygen, and the non–local
Coulomb exchange between the copper and the oxygen.
General expressions for the effective magnetic Hamil-
tonian, based on this micorscopic Hamiltonian have been
derived before.9,10 In order to keep the paper self–
contained we reproduce in Sec. II the main steps of the
derivation. We find in Sec. II that the magnetic Hamil-
tonian has the form
H =
∑
〈ij〉
∑
µ
(
JµNNS
µ
i S
µ
j + J
µ
NNNS
µ
i S
µ
j
)
, (1)
in which µ denotes the Cartesian component of the spin
and JNN and JNNN are the magnetic couplings between
nearest–neighbors and next–nearest–neighbors, respec-
tively. It is convenient to define the coordinate system
for the spin components such that the x and y directions
are in the Cu–O plane, along the bonds between the cop-
pers, and the z direction is perpendicular to the plane.
The leading magnetic coupling for both NN and NNN is
Jav =
Jx + Jy + Jz
3
. (2)
The anisotropic couplings are then naturally given by
Jop, for the out–of–plane anisotropy, and Jpd, for the
in–plane one:
Jop = Jz − J
x + Jy
2
, Jpd =
Jx − Jy
2
. (3)
(The notation “pd” stands for pseudo–dipolar, see Ref.
7.)
The parameters that determine the magnitude and the
sign of the magnetic couplings are the Cu–O and O–O
hopping matrix elements, the on–site (single particle) en-
ergies on the oxygen and on the copper, the spin–orbit
coupling constant λ and the various Coulomb matrix el-
ements. The latter are parametrized17 in terms of the
Racah parameters into the on–site leading order interac-
tions, and the residual remaining interactions, which are
small. However, they, as well as λ, are necessary for the
generation of the magnetic anisotropies. All these param-
eters depend on the crystal symmetry, and hence on the
angle δ (see Fig. 1). Adopting the plausible assumption
that the most important sensitivity to small deviations
from 90◦ occurs in the Cu–O hopping matrix elements,
we have included only their dependence on the angle,18
and calculated the angular dependence of the magnetic
interactions for small angles δ. The explicit expressions
for the magnetic couplings are given in Secs. III and IV.
Here we summarize the results, which are depicted in Fig.
2 for the nearest–neighbor couplings, and in Fig. 3 for
the next–nearest–neighbor ones.
The numerical estimates are computed using the fol-
lowing parameters. We take the on–site energies on the
oxygen to be ǫpx = ǫpy=3eV and ǫpz=2eV.
10 Those
on the copper are assumed for simplicity to be identi-
cal, ǫα=1.8eV (α = 0, 1, x, y, z, see definitions below).
9
The spin–orbit coupling on the copper is taken to be
λ=0.1eV. The on–site Coulomb matrix elements ne-
cessitate the Racah parameters A, B, and C for the
copper, and F0 and F2 on the oxygen.
9,10 These are
chosen as A=7.0eV, B=0.15eV, C=0.58eV, F0=3.1eV,
and F2=0.28eV. There is no reliable estimate for the
non–local Coulomb exchange between the copper and
the oxygen.11,12,14 We therefore take as a representa-
tive estimate a value in the range between 0.02eV and
0.1eV.11,12,14
The hopping matrix elements can be expressed
in terms of the Slater–Koster parameters,18 t0 =
−√3(pdσ)/2, t1 = −(pdσ)/2, and t2 = (pdπ), for
the Cu–O ones, and t3 = (1/2)((ppσ) + (ppπ)), t4 =
(1/2)((ppσ)− (ppπ)), and t5 = (ppπ) for the O–O matrix
elements. We have used the values (pdσ) = 1.5eV9,10
and (ppπ) = −0.6eV19, and used the relations (ppπ) =
− 1
4
(ppσ) and (pdπ) = − 1
2
(pdσ)20.
Figure 2 depicts the angular dependence of JavNN, J
op
NN,
and JpdNN. The three curves in each figure are obtained
by choosing different representative values for the non–
local Cu–O Coulomb exchange matrix element, K. At
strictly 90◦, JavNN is negative (ferromagnetic) and small,
≈ −0.02eV (–0.04eV, –0.07eV) for K = 0.02eV (0.05eV,
0.1eV). Its value is determined mainly by the resid-
ual Coulomb interactions. As the angle deviates from
90◦, JavNN approaches zero and changes its sign at about
δ ≈0.05 (0.065, 0.09) (2.9◦, 3.7◦, 5.2◦). These results
agree with those found before in Refs. 12 and 14. The
out-of–plane anisotropy JopNN is relatively large, and neg-
ative, in agreement with the findings of Ref. 16. Like all
other anisotropies, its magnitude is proportional to λ2.
However, for delicate reasons related to “ring–exchange”
processes (see below), the Coulomb matrix element that
scales its magnitude is the on–site interaction on the oxy-
gen, leading to its comparatively high value, ≈ −1.3meV
at 90◦. (The out–of–plane anisotropy increases slightly
with increasing K.) The nearest–neighbor in–plane
anisotropy JpdNN is scaled by the small residual Coulomb
interactions. It vanishes at δ = 0, and stays quite small
away from that value, varying approximately linearly
with δ, ≈ (–0.1 to –1.7 K)δ meV.
The case of an ideal 90◦ nearest–neighbor bond has
been recently discussed in Ref. 16. These authors have
2
specialized to materials of the type A2Cu3O4Cl2, with
A=Ba or Sr. They have neglected the non–constant on–
site Coulomb interactions on the oxygen and the non–
local Cu–O Coulomb interaction, but have taken into ac-
count the local orthorhombic symmetry, by allowing the
Cu on–site energies ǫx and ǫy to be different. They there-
fore obtained a small in–plane anisotropy, of the order of
0.2µeV.
The analogous results for the next–nearest–neighbor
couplings are summarized in Fig. 3. These necessitate
additional perturbation processes, which involve hopping
between nearest–neighbor oxygens. We find that JavNNN
is about 20meV at 90◦, and has a smooth linear depen-
dence on δ away from it, remaining antiferromagnetic for
small angles, in agreement with the findings of Refs. 12
and 14.
As in the case of the nearest neighbors, also the
anisotropic coupling JopNNN is relatively large and nega-
tive, being ≈ −0.036meV at 90◦, while JpdNNN is extremely
minute, ≈ −6µeV. The out–of–plane anisotropy is again
dominated by the “ring–exchange” processes and the in–
plane anisotropy by the small residual Coulomb interac-
tions ∆U .
Obviously, the results summarized in Figs. 2 and 3
depend on the details of the parameters, e.g., the hop-
ping matrix elements or the Coulomb Racah coefficients.
The remaining Sections of the paper are devoted to a de-
tailed discussion of the derivation and the choice of these
parameters.
II. THE MAGNETIC HAMILTONIAN
As is discussed above, the magnetic Hamiltonian is de-
rived from a microscopic Hamiltonian. The latter can be
written as folllows:
H = HCu +HO +HCu−O, (4)
with obvious notations. Explicitly, the Cu–ion Hamilto-
nian is
HCu =
∑
iασ
ǫαd
†
iασdiασ +
λ
2
∑
iαβ
σσ′
Lαβ · [σ]σσ′d†iασdiβσ′
+
1
2
∑
iσσ′
αβγδ
Uαβγδd
†
iασd
†
iβσ′diγσ′diδσ, (5)
where d†iασ creates a hole with spin σ in the crystal–field
state α at site i, of site energy ǫα. For tetragonal sym-
metry we label the crystal–field states as |0〉 ∼ x2 − y2,
|1〉 ∼ 3z2−r2, |z〉 ∼ xy, |x〉 ∼ yz, and |y〉 ∼ zx, where the
z axis is perpendicular to the plane and |0〉 is the lowest
energy single–particle state. The second term in (5) is the
spin–orbit interaction, where λ is the spin–orbit coupling
constant and Lαβ denotes the matrix elements of the
orbital angular momentum vector between the crystal–
field states α and β. The non–zero matrix elements
are Lz0z = −2i, Lx0x = Ly0y = i, Lx1x = −Ly1y =
√
3i,
Lyzx = −Lxzy = Lzxy = i, and L∗αβ = Lβα. The last term
in (5) is the Coulomb interaction, with Uαβγδ = 〈αδ|βγ〉
in the notations of Table A26 in Ref. 17. The Hamilto-
nian of the oxygen ions is
HO =
∑
qnσ
ǫnp
†
qnσpqnσ +
∑
mnσ
qq′
(tqq
′
nmp
†
qnσpq′mσ + hc)
+
1
2
∑
qσσ′
n1n2n3n4
Un1n2n3n4p
†
qn1σ
p†qn2σ′pqn3σ′pqn4σ, (6)
in which p†qnσ creates a hole in one of the three p or-
bitals, px, py, and pz (denoted by n) on the oxygen at
site q, with energy ǫn. The second term in (6) describes
the hopping between the O–ions, and the last term is
the Coulomb interaction on the O–ions. Finally, HCu−O
describes the kinetic energy of hopping between the Cu
and the O ions, and the Coulomb exchange interaction
between them,
HCu−O =
∑
iqσ
αn
(tqinαp
†
qnσdiασ + hc)
+
∑
iqσσ′
αβmn
Kαmβnd
†
iασp
†
qmσ′diβσ′pqnσ. (7)
A significant simplification of the perturbation expan-
sion is achieved by first treating the spin–orbit interac-
tions exactly, leaving the expansion in orders of the spin–
orbit coupling, λ, to the final stage.9 This is accomplished
by introducing the unitary transformation which diago-
nalizes the single–particle part of HCu
d†iασ =
∑
aσ′
[mαa]
∗
σσ′c
†
iaσ′ , (8)
where c†iaσ creates a hole in the exact eigenstate a of the
Hamiltonian which consists of the crystal–field and the
spin–orbit interaction on the copper. These states have
a site label i, a state label a, and a pseudo–spin index σ.
One then has
∑
iασ
ǫαd
†
iασdiασ +
λ
2
∑
iαβ
σσ′
Lαβ · [σ]σσ′d†iασdiβσ′
=
∑
iaσ
Eac
†
iaσciaσ, (9)
where Ea and [mαa]σσ′ are determined by
Eb[mγb]σσ′ = ǫγ [mγb]σσ′
+
λ
2
∑
βσ1
Lγβ · [σ]σσ1 [mβb]σ1σ′ , (10)
3
with [
∑
amβa(mαa)
†]σσ′ = δαβδσσ′ . When λ → 0, each
state |a〉 approaches one of the states |α〉. Using this def-
inition, the index a runs over the values 0, 1, z, x, and
y. A detailed discussion of this transformation is given
in Ref. 9.
To apply the pertubation expansion, we divide the
Hamiltonian H into an unperturbed part, H0, and a per-
turbation term H1. The part H0 contains the single–
particle Hamiltonians on the coppers and on the oxygens,
and the leading on–site Coulomb potentials. The pertur-
bation Hamiltonian contains the kinetic energy and the
residual Coulomb interactions. As is known,17 the on–
site Coulomb interactions can be parametrized in terms
of the Racah coefficients. In tetragonal site symmetry,
those on the copper are parametrized by the Racah pa-
rameters A, B, and C, with A ≫ B and A ≫ C,
and those on the oxygen by F0 and F2, with F0 ≫ F2.
We choose the on–site leading Coulomb interactions to
be U0 ≡ Uαααα = A + 4B + 3C for the copper, and
Uq ≡ Unnnn = F0 + 4F2 on the oxygen. Consequently,
the unperturbed Hamiltonian is
H0 =
∑
iaσ
Eac
†
iaσciaσ +
U0
2
∑
iab
σσ′
c†iaσc
†
ibσ′cibσ′ciaσ
+
∑
qnσ
ǫnp
†
qnσpqnσ +
Uq
2
∑
qnn′
σσ′
p†qnσp
†
qn′σ′pqn′σ′pqnσ. (11)
The perturbation Hamiltonian is
H1 = Hhop +∆HC , (12)
in which the hopping term is
Hhop =
∑
iqan
σσ′
([t˜iqan]σ′σc
†
iaσ′pqnσ + hc)
+
∑
nmσ
qq′
(tqq
′
nmp
†
qnσpq′mσ + hc). (13)
Because of the transformation (8), the Cu–O hopping
becomes spin–dependent
[t˜iqan]σ′σ =
∑
α
tiqαn[mαa]
∗
σσ′ . (14)
The term ∆HC contains the (small) additional on–site
Coulomb interactions, and the non–local Cu–O Coulomb
potential,
∆HC = 1
2
∑
iabcd
s1s2s3s4
∆Us1s2s3s4(abcd)c
†
ias1
c†ibs2cics3cids4
+
1
2
∑
qσσ′
n1n2n3n4
∆Un1n2n3n4p
†
qn1σ
p†qn2σ′pqn3σ′pqn4σ
+
∑
iqabmn
ss′σσ′
Ksσ′s′σ(ambn)c
†
iasp
†
qmσ′cibs′pqnσ, (15)
with
∆Us1s2s3s4(abcd)
=
∑
αβγδ
∆Uαβγδ[(mαa)
†
mδd]s1s4 [(mβb)
†
mγc]s2s3 , (16)
and
Ksσ′s′σ(ambn) =
∑
αβ
Kαmβn[mαa]
∗
σs[mβb]σ′s′ . (17)
Here we have defined ∆Uαββα = Uαββα − U0 and
∆Unn′n′n = Unn′n′n − Uq. For α 6= δ or β 6= γ, and
n1 6= n4 or or n2 6= n3, ∆U ≡ U involves only the small
Racah coefficients B, C, and F2.
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All the perturbation contributions resulting from H1
begin and end within the 2N–fold degenerate ground–
state manifold of H0, each state of which has one hole at
each copper site, with arbitrary spin σ. We will denote by
“0” the ground state of the single–particle Hamiltonian
on the copper, and will take its site energy to be zero.
For the sake of clarity, we divide the perturbation chan-
nels into three groups. Group “a” includes the processes
in which there are two holes on the copper in the inter-
mediate step; group “b” includes those in which there
are two holes on the oxygen in the intermediate step, or
processes where the two holes exchange their correspond-
ing coppers by going around the ring formed by the two
coppers and the intervening oxygen (for example, cop-
pers i and j, and oxygens q and q′ in Fig. 4); group “c”
contains the contribution from the non–local Coulomb
exchange between the coppers and the oxygens.21
The contribution of channel “a” to the magnetic cou-
pling of coppers i and j is
Ha(i, j) = 1
U0
Tr
{
σ · SiT˜ ij00σ · Sj T˜ ji00
}
+
∑
ab
αβγδ
∆Uαβγδ
(U0 + Ea)(U0 + Eb)
×
(
Tr
{
σ · SiT˜ ij0b (mαb)†mδaT˜ jia0
}
Tr
{
σ · Sj(mβ0)†mγ0
}
−Tr
{
σ · SiT˜ ij0b (mαb)†mδ0σ · Sj(mβ0)†mγaT˜ jia0
})
+ (i↔ j), (18)
in which Si is the spin on the copper at site i in the new
orbital ground state |a〉 = |0〉,
Si =
1
2
∑
σσ′
c†i0σ[σ]σσ′ci0σ′ , (19)
and the “Tr” are carried out in spin space.22 We have in-
troduced in (18) the notation T˜ ijba for the effective matrix
element for hopping from state a on copper j to state b
on copper i. These are different in the case where the
two coppers are nearest neighbors, and when they are
4
next–nearest neighbors. In the first case such a process
can be achieved through a single oxygen, yielding
[T˜ ijba ]σ′σ =
∑
qnσ1
1
ǫn
[t˜iqbn]σ′σ1 [t˜
qj
na]σ1σ, (20)
to lowest possible order in perturbation theory. Figure
4 depicts the direct hopping from copper i to oxygen q,
together with the two possible indirect hoppings, going
through oxygen q′ and oxygen q”. To account for these
processes one has to use the following replacement in (20)
[t˜qina]σ1σ → [t˜qina]σ1σ −
∑
mq′
1
ǫm
tqq
′
nm[t˜
q′i
ma]σ1σ. (21)
When the two coppers are NNN, the O–O hopping is
essential for bringing the two holes to the same copper.
(For example, the bond j′–j in Fig. 4 requires the q–q”
hopping.) In this case we have
[T˜ ijba ]σ′σ =
∑
qnσ1
1
ǫn
[t˜iqbn]σ′σ1 [T˜
qi
na]σ1σ, (22)
where
[T˜ qina]σ1σ =
∑
mq′
1
ǫm
tqq
′
nm[t˜
q′i
ma]σ1σ. (23)
The perturbation contributions coming from channel
b, when coppers i and j are NN, yield
Hb(i, j) =
∑
mnqq′
( 1
ǫn
+
1
ǫm
)2
×
(
δqq′
1
ǫn + ǫm + Uq
+ (1− δqq′ ) 1
ǫn + ǫm
)
×
Tr
{
σ · Si t˜iq
′
0mt˜
q′j
m0σ · Sj t˜jq0n t˜qino
}
+
∑
qnm
n′m′
( 1
ǫn
+
1
ǫn′
)( 1
ǫm
+
1
ǫm′
)
×
∆Umm′nn′
(Uq + ǫn + ǫn′)(Uq + ǫm + ǫm′)
×(
Tr
{
σ · Si t˜iq0mt˜qin′0
}
Tr
{
σ · Sj t˜jq0m′ t˜qjn0
}
−Tr
{
σ · Si t˜iq0mt˜qjn′0σ · Sj t˜jq0m′ t˜qin0
})
. (24)
The term with the (1 − δqq′ ) in front arises in the chain
geometry and does not have the on–site Coulomb inter-
action in the denominator.11,23 As non–local Coulomb
interactions between the oxygens are ignored here, there
is no analogous contribution in the second sum of (24).
When the two coppers are NNN, one must invoke the
O–O hopping. We then find that each pair of matrix
elements t˜ has to be replaced as follows
t˜qi t˜qj → −T˜ qit˜qj − t˜qiT˜ qj , (25)
where both t˜ and T˜ are matrices in spin space, given by
Eqs. (14) and (23), respectively.
Finally, channel c gives
Hc(i, j) =
−
∑
qmn
αγ
Kαmγn
ǫnǫm
Tr
{
σ · Si(mα0)† t˜qjn0σ · Sj t˜jq0mmγ0
}
+(i↔ j), (26)
when the two coppers are NN. The corresponding expres-
sion for NNN coppers is obtained from (26) by replacing
each matrix element t˜ by T˜ .
The total effective magnetic interaction is the sum of
the three groups. This is now expanded up to second
order in the spin–orbit coupling λ. This requires the ma-
trix m, Eq. (8), up to first order in λ only. Using Eq.
(10) we have
[mαa]σσ′ = δαaδσσ′ − λ
2
Lαa · [σ]σσ′
ǫα − Ea . (27)
A further significant simplification of the expressions
is achieved when one takes into account the symmetry
properties of the Coulomb matrix elements:9,10 ∆Uαβγδ
vanishes unless the values of α, β, γ, and δ are such
that the products σ(α)σ(δ) and σ(β)σ(γ) are propor-
tional to each other. Here we use the convention that
σ(α = 0) and σ(α = 1) are the unit matrix. Similarly,
the non–vanishing matrix elements of ∆Un1n2n3n4 satisfy
σ(n1)σ(n4) ∝ σ(n2)σ(n3), and those of Kαmβn vanish
unless σ(α)σ(n) ∝ σ(β)σ(m).
In the following we present the general expressions in
the form
H(i, j) =
(
J − 1
2
TrΓ
)
Si · Sj + SiΓSj , (28)
where J includes all contributions to zeroth order in
λ, while the matrix Γ contains the contributions which
necessitate the spin–orbit interaction, and is therefore
second–order in λ. The application of these general ex-
pressions to the specific Cu–Cu bonds will be carried out
in the next Section.
(a) Channel a [Eq. (18)] yields
Ja = 4
( tij00tji00
U0
−
∑
α
∆Uα0α0t
ij
0αt
ji
α0
(U0 + ǫα)2
)
, (29)
and
Γµνa =
λ2
2U0
Lµµ0L
ν
ν0
ǫµǫν
×([(
tij0µ − tijµ0
)(
tji0ν − tjiν0
)
+ µ↔ ν
]
+ j ↔ i
)
− λ
2
2
∑
αβγδ
∆Uαβγδ
(U0 + ǫα)(U0 + ǫγ)
× (30)
5
(
δδ0
∑
α′
tij0α′L
µ
α′α
U0 + ǫα′
+
Lµµ0
ǫµ
(tij0αδµδ − tijµαδδ0)
)
×
(
δβ0
∑
α′
tjiα′0L
ν
γα′
U0 + ǫα′
+
Lνν0
ǫν
(−tjiγ0δνβ + tjiγνδβ0)
)
+ (µ↔ ν + j ↔ i). (31)
(b) Channel b [Eq. (24)] yields
Jb = 2
∑
mnqq′
( 1
ǫn
+
1
ǫm
)2
tiq
′
0mt
q′j
m0t
jq
0nt
qi
n0 ×
(
δqq′
1
ǫn + ǫm + Uq
+ (1 − δqq′) 1
ǫn + ǫm
)
− 2
∑
mnq
( 1
ǫn
+
1
ǫm
)2∆Umnmn(tiq0mtqjn0)2
(ǫn + ǫm + Uq)2
− 8
∑
nmq
1
ǫnǫm
∆Ummnnt
iq
0mt
qj
n0t
jq
omt
qi
n0
(Uq + 2ǫn)(Uq + 2ǫm)
, (32)
and
Γµνb = λ
2
Lµµ0
ǫµ
Lνν0
ǫν
∑
mnqq′
{( 1
ǫn
+
1
ǫm
)2
×
[(
δqq′
1
ǫn + ǫm + Uq
+ (1− δqq′ ) 1
ǫn + ǫm
)
×
T ij0µ(m,m, q
′)T ji0ν(n, n, q) + δqq′
∆Umnmn
(ǫn + ǫm + Uq)2
×(
T ii0µ(m,n, q)T
jj
0ν (n,m, q)− T ij0µ(m,n, q)T ji0ν(n,m, q)
)]
+ δqq′
4
ǫnǫm
∆Ummnn
(Uq + 2ǫn)(Uq + 2ǫm)
×
[
T ii0µ(m,n, q)T
jj
0ν (m,n, q)−
1
2
(
T ij0µ(m,n, q)T
ji
0ν(m,n, q)
+ T ij0ν(m,n, q)T
ji
0µ(m,n, q)
)]}
, (33)
where we have defined
T ij0µ(m,n, q) = t
iq
0mt
qj
nµ − tiqµmtqjn0. (34)
(c) Channel c [Eq. (26)] yields
Jc = −2
∑
nq
K0n0n
tqjn0t
jq
0n
ǫ2n
+ (j → i), (35)
and
Γµνc = −λ2
∑
mnq
1
ǫmǫn
Lµµ0L
ν
ν0
ǫµǫν
×
(
Kµm0nt
qj
n0t
jq
νm −Kµmνntqjn0tjq0m
+K0mνnt
qj
nµt
jq
0m −K0m0ntqjnµtjqνm + (j → i)
)
. (36)
For simplicity, we have written the results for J and
Γ, Eqs. (29–36) for the nearest–neighbor Cu–Cu bond.
The analogous expressions for the next–NN bond are ob-
tained using the replacements (23) and (25).
III. THE MAGNETIC COUPLINGS
A. The nearest–neighbor 90◦ bond
We list in Tables I and II the hopping matrix elements
between Cu and O for the 90◦ configuration (see the In-
troduction and Fig. 4 for the notations). Using these
values, we find that the leading order contributions to
the magnetic couplings come from channels “b” and “c”,
with
J = Jb + Jc =
− 16t
4
0∆Upxpypxpy
ǫ2px(2ǫpx + Uq)
2
− 8t
2
0
ǫ2px
K0px0px . (37)
in accordance with the GKA rules. Inserting
the numerical values of the parameters, we find
J ≈ −8meV−0.67K0px0px The leading order magnetic
anisotropy in this case is the out–of–plane one,
Γzzleading order = −
64λ2t20t
2
2Uq
ǫ2zǫ
3
px
(2ǫpx + Uq)
, (38)
with Γzz ≈ −1.3meV. The processes yielding the latter
are depicted in Fig. 5.
The remaining small anisotropies resulting from the
on–site Coulomb potential on the oxygen, and from the
non–local Coulomb exchange between the copper and the
oxygen, are listed below. We express those in the coordi-
nate system depicted in Fig. 5. To obtain the couplings
in the coordinate system discussed in the Introduction,
one has to rotate by 45◦.
∆Γzza = 32λ
2 (4B + C)(t0t2)
2
ǫ2pxǫ
2
z(ǫ1 + U0)
2
,
∆Γxxa = ∆Γ
yy
a = 2λ
2 (3B + C)t
4
2
ǫ2pz ǫ
2
x(ǫx + U0)
2
,
∆Γxxb = ∆Γ
yy
b = −
λ2t20t
2
23F2
ǫ2x(ǫpx + ǫpz + Uq)
2
( 1
ǫpz
+
1
ǫpx
)2
,
∆Γzzc = −
8λ2
ǫ2zǫ
2
px
(
2t20Kzpxzpx + 2t
2
2K0px0px
+4t0t2Kzpy0px
)
,
∆Γxxc = ∆Γ
yy
c = −
2λ2
ǫ2y
( t20
ǫ2px
(Kypxypx +Kypyypy )
+
t22
ǫ2pz
K0pz0pz
)
. (39)
To obtain these results we have used the relations17
U1010 = 4B + C, Ux0x0 = Uy0y0 = 3B + C,
6
∆Upzpypzpy = ∆Upzpxpzpx = 3F2, ∆Upxpxpypy =
∆Upxpypxpy , Kzpy0px = −Kzpx0py ,Kxpz0py = Kypz0px ,
K0py0py = −K0px0px ,Kzpxzpx = Kzpyzpy . In addition,
from Tables I and II, the only non–zero effective Cu–Cu
hoppings are
tijz1 = t
ij
z1 =
2t1t2
ǫpx
, tijxy = t
ij
yx =
2t22
ǫpz
. (40)
Numerical estimates of these expressions yield ∆Γzza ≈
40µeV,∆Γxxa ≈ 7µeV, ∆Γxxb ≈ −9µeV, ∆Γzzc ≈ −K ×
0.003, ∆Γxxc ≈ −K × 0.001.
B. The next–nearest–neighbor 90◦ bond
Tables III and IV list the hopping matrix elements
T iqαn for a Cu–O–O–Cu process in the 90
◦ configurtion
(the notations are shown in Fig. 4). In these Tables,
t3 = tpxpx = tpypy , t4 = t
qq′
pxpy
= −tqq”pxpy , and t5 = tpzpz .
The effective hopping matrix elements between two cop-
pers,
T ijab =
∑
qq′mn
1
ǫnǫm
tiqant
qq′
nmt
q′j
mb, (41)
which do not vanish are
T ij00 =
−2t20t4
ǫ2px
, T ij11 =
2t21t4
ǫ2px
, T ijzz =
2t22t4
ǫ2px
,
T ijz1 = T ij1z =
4t1t2t3
ǫ2px
, T ijxy = T ijyx =
t22t5
ǫ2pz
. (42)
As opposed to the NN–bond, in this case hopping be-
tween the ground state orbitals of NNN coppers is pos-
sible, via the two oxygen orbitals px and py, which are
connected by t4, see Fig. 6. We find contributions to the
coupling J from all three channels,
J = Ja + Jb + Jc,
Ja =
64t40t
2
4
ǫ4pxU0
,
Jb =
32t40t
2
4(Uq + 4ǫpx)
ǫ5px(2ǫpx + Uq)
− 32t
4
0(t
2
4 + t
2
3)∆Upxpypxpy
ǫ4px(2ǫpx + Uq)
2
,
Jc = −8K0px0px
ǫ4px
t20(t
2
3 + t
2
4), (43)
with J ≈ 0.02eV The leading order anisotropy is the
out–of–plane one, and comes mainly from channel “b”
Γzzleading order = −
256λ2t20t
2
2t
2
3Uq
ǫ2zǫ
5
px
(2ǫpx + Uq)
, (44)
Γzzleading order ≈ −30µeV. The remaining non–diagonal
anisotropies, caluclated in the coordinate system of Fig.
6, are
∆Γxya = −64λ2∆Ux0x0
t20t
2
2t4t5
(ǫx + U0)ǫ2xǫ
2
pz
ǫ2px
,
∆Γxyb = −16λ2∆Upxpxpzpz ×
t22t
2
0t4
(
t3/ǫpx + t5/ǫpz
)
ǫ2xǫ
2
px
ǫpz(2ǫpx + Uq)(2ǫpz + Uq)
,
∆Γxyc = −2
λ2
ǫ2xǫ
4
px
t20t3t4(Kxpxypy +Kxpyypx). (45)
Here Γxy = Γyx. As before, this coordinate system has to
be rotated by 45◦ in order to produce the magnetic cou-
plings in the form discussed in the Introduction. That
is,
Γxx + Γxy → Γxx, Γyy − Γxy → Γyy. (46)
IV. SMALL DEVIATION FROM 90◦
To calculate the magnetic couplings as function of the
angle δ (see Figs. 1 and 7) we use the following forms for
the hopping matrix elements
t1q0px = t0 cos δ(1− 2 cos2 δ) + 2t2 sin δ cos δ,
t1q0py = −t0 sin δ(1− 2 cos2 δ) + 2t2 sin δ cos2 δ, (47)
with tq10px = −tq20py and tq10py = −tq20px ,
t1qzpx = 2t0 sin δ cos
2 δ + t2 sin δ(2 cos
2 δ − 1),
t1qzpy = −2t0 cos δ sin2 δ + t2 cos δ(2 cos2 δ − 1), (48)
with tq1zpx = t
q2
zpy
and tq1zpy = t
q2
zpx
,
t1q1px = t1 cos δ,
t1q1px = −t1 sin δ, (49)
with tq11px = t
q2
1py
and tq11py = t
q2
1px
, and
t1qxpz = −t2 sin δ,
t1qypz = t2 cos δ, (50)
with tq1xpz = t
q2
ypz
.
For the next–nearest neighbor hopping we need the
following matrix elements:
Tpxα =
1
ǫpx
(t3tpxα + t4tpyα),
Tpyα =
1
ǫpx
(t3tpyα + t4tpxα), (51)
for α = 0, 1, z, and
Tpzα =
1
ǫpz
t5tpzα (52)
for α = x, y. The resulting explicit expressions for the
magnetic couplings are very long, and we therefore skip
them. Instead, we have used the results above to pro-
duce the curves in Figs. 2 and 3, to obtain the magnetic
couplings as function of the angular deviation δ.
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V. DISCUSSION
We have presented a detailed calculation of the mag-
netic interaction between nearest–neighbor and next–
nearest–neighbor coppers in the edge–sharing geometry,
and obtained numerical estimates for the various cou-
plings as function of the angular deviation from 90◦.
These numerical estimates are crucial for the analysis of
the magnetic structures of many chain, ladder and lamel-
lar cuprates. Our calculation is based on a perturbation
expansion of a general Hubbard Hamiltonian. It has been
found before that for the magnetic anisotropies of the lin-
ear Cu–O–Cu bond, this expansion is quite reliable.9 On
the other hand, it has been argued, (again for the 180◦–
bond), that perturbation theory fails to yield reasonable
values for the leading magnetic isotropic intractions,23
because the hopping matrix elements t are not necessar-
ily small compared with the on–site energies. However,
the almost 90◦ case discussed here is different, because
of the appearance of the small Coulomb matrix elements
in the expansion. It therefore can be expected that the
perturbation expansion for the present case yields reli-
able estimates. Indeed, the comparison of our results for
the NN isotropic energy with those obtained from exact
diagonalization14 seem to support this conclusion.
Our results show that the out–of–plane anisotropy is
negative, both for NN and for NNN coppers. This in-
dicates an easy axis perpendicular to the Cu–O plane,
in agreement with Ref. 16. We find that the pseudo–
dipolar interaction between nearest–neighbors vanishes
at strictly 90◦, and is minute for a small deviation away
from it. As has been shown in Ref. 16, this result is
modified when one allows for a difference between the
Cu on–site energies ǫx and ǫy. It seems that this should
be the case in materials like Sr2Cu3O4Cl2, where some of
the copper ions lose their local tetragonal symmetry: It
has been found7 that experimental data on Sr2Cu3O4Cl2
imply a finite value for this energy. This means that
the interpretation of the data necessitates the inclusion
of such effects, or of dipolar interactions. In the same
manner, it is expected that our numerical estimates as
function of the angle δ will be useful in the analysis of
other cuprates.
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pi/2−2δ
FIG. 1. Edge–sharing Cu–O configuration. The angle of the Cu–O–Cu bond is π/2− 2δ. Open circles denote oxygens and
black circles are the Cu’s.
J
av(eV)
δ (rad)
J
op(meV)
10 J
pd(meV)
δ (rad)
0.20.10-0.1
0
0.1
0.2
0.20.10-0.1
0
0.4
-0.4
-0.8
-1.2
-0.05
0.05
0.15
0.25
FIG. 2. The nearest–neighbor magnetic couplings JNN for K=0.02 eV (bold solid line), K=0.05 (solid line) and K=0.1 eV
(dashed line).
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FIG. 3. The next–nearest–neighbor magnetic couplings JNNN for K=0.02 eV (bold solid line), K=0.05 (solid line) and
K=0.1 eV (dashed line).
q
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FIG. 4. The Cu–O effective nearest–neighbor hopping in the 90◦ bond configuration, allowing for nearest–neighbor O–O
hopping. Open circles denote oxygens and black circles are the Cu’s. The processes contributing to t˜iq are shown by arrows.
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FIG. 5. Cu and O orbitals which are involved in the processes leading to the out-of-plane anisotropy Γzz. Here and below,
the shaded (white) area indicates positive (negative) phase.
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FIG. 6. Next–nearest–neighbor hopping between two dx2−y2 orbitals via the px and py orbitals.
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FIG. 7. Cu–O–Cu geometry for an angle π/2− 2δ.
TABLE I. The Cu–O hopping matrix elements tiqαn for the 90
◦ bond. Upper signs: tiq , lower signs: tjq
′
.
px py pz
0 ∓t0 0 0
1 ±t1 0 0
z 0 ±t2 0
x 0 0 0
y 0 0 ±t2
TABLE II. The Cu–O hopping matrix elements tiqαn for the 90
◦ bond. Upper signs: tjq , lower signs: tiq
′
.
px py pz
0 0 ±t0 0
1 0 ±t1 0
z ±t2 0 0
x 0 0 ±t2
y 0 0 0
TABLE III. The Cu–O–O hopping matrix elements T iqαn for the 90
◦ bond. Upper signs: T iq, lower signs: T jq
′
.
px py pz
0 ±t0t3/ǫpx ∓t0t4/ǫpx 0
1 ∓t1t3/ǫpx ±t1t4/ǫpx 0
z ±t2t4/ǫpy ∓t2t3/ǫpy 0
x 0 0 0
y 0 0 ±t2t5/ǫpz
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TABLE IV. The Cu–O–O hopping matrix elements T iqαn for the 90
◦ bond. Upper signs: T jq, lower signs: T iq
′
.
px py pz
0 ±t0t4/ǫpy ∓t0t3/ǫpy 0
1 ±t1t4/ǫpy ∓t3t1/ǫpy 0
z ∓t2t3/ǫpx ±t2t4/ǫpx 0
x 0 0 ±t2t5/ǫpz
y 0 0 0
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